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ON THE GLOBAL DIMENSION OF THE ENDOMORPHISM ALGEBRA
OF A τ-TILTING MODULE
PAMELA SUAREZ
Abstract. We find a relationship between the global dimension of an algebra A and the
global dimension of the endomorphism algebra of a τ -tilting module, when A is of finite
global dimension. We show that, in general, the global dimension of the endomorphism
algebra is not always finite. For monomial algebras and special biserial algebras of global
dimension two, we prove that the global dimension of the endomorphism algebra of any
τ -tilting module is always finite. Moreover, for special biserial algebras, we give an explicit
bound.
Introduction
Let A be a finite dimensional algebra over an algebraically closed field k. The τ -tilting
theory was introduced by T. Adachi, O. Iyama and I. Reiten in [AIR]. In such a work,
the mentioned authors developed a generalization of the classical tilting theory where the
process of mutation is always possible. The basic idea of a mutation is to replace an
indecomposable direct summand of a tilting module by another indecomposable module in
order to obtain a new tilting module. For the process of mutation to be always possible the
authors considered the notion of τ -rigid modules introduced by M. Auslander and S. Smalø
in [AS] and, moreover, they also considered the notion of support tilting module introduced
by C. Ingalls and H. Thomas in [IT]. In this wider class of modules it is possible to model
the process of mutation inspired by the cluster tilting theory. In this way we get that an
almost complete support τ -tilting module over a finite dimensional algebra has exactly two
complements, and therefore, the mutation is always possible. Support τ -tilting modules
are very closely related with functorially finite torsion classes in modA, with cluster tilting
theory and with silting theory, between others.
Let M be a (classical) tilting module in the category modA. Then it is well-known
that gldimEndAM ≤ gldimA+ 1, see [ASS, Chapter VI, Theorem 4.2]. In general,
if we consider N a tilting module of finite projective dimension, then we know that
gldimEndAN ≤ gldimA+ pdAN , see [M, Corollary 2.4]. In this paper we investigate how
to extend these facts to the context of τ -tilting modules.
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Given T a τ -tilting A-module and B = EndAT , we are mainly interested to compare the
global dimension of A and the global dimension of B. More precisely, if A has finite global
dimension then we prove the following result.
Theorem A. Let A be an algebra of finite global dimension, T be a τ -tilting A-module and
B = EndAT . Then gldimA ≤ gldimB+pdA(A/ann T ) + 1, where annT is the annihilator
of T .
In case we deal with (classical) tilting modules or with tilting modules of finite projective
dimension, if A is of finite global dimension then the endomorphism algebra of such modules
is always of finite global dimension. In general, this is not the case for τ -tilting modules.
For example, for n ≥ 3, we find a family of algebras An of global dimension n and τ -tilting
An-modules Tn such that gldimEndAnTn =∞, see Example 2.8.
A natural question is to know if the endomorphism algebra of a τ -tilting module over
an algebra of global dimension two has always finite global dimension. In order to give
an answer to the above question we consider two families of algebras; the monomial and
the special biserial algebras. The main key to give a solution to this problem is to study
the generators of the annihilator of a τ -tilting module. We show that the generators of
the annihilator of a τ -tilting module are related with the relations of the algebra. More
precisely, we prove Theorem B.
Theorem B. Let A = kQ/I be an algebra, T be a τ -tilting A-module and ρ ∈ annT be a
non-zero path of length greater than or equal to two such that no proper subpath of ρ belongs
to annT . Then one of the following conditions hold:
i) There exists a non-zero path γ such that γρ is a zero-relation in A, or
ii) There exist non-zero paths γi, γ and non-zero scalars λi ∈ k such that γρ+
∑
i∈I
λiγi is
a minimal relation in A, where I is a finite set of indices.
For monomial algebras of global dimension two we prove the following result.
Theorem C. Let A = kQ/I be a monomial algebra of global dimension two, T be a τ -tilting
A-module and B = EndA T . Then gldimB <∞.
Another natural question is to know if there exists an explicit bound for the gldimEndAT
where A is a monomial algebra. In Example 3.7, we show that this is not the case. On
the other hand, for special biserial algebras we also prove that the global dimension of
the endomorphism algebra of a τ -tilting module over these algebras is always finite and,
moreover, we give an explicit bound, proving Theorem D.
Theorem D. Let A = kQ/I be a special biserial algebra such that gldimA = 2, T be a
τ -tilting A-module and B = EndAT . Then gldimB ≤ 5.
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This paper is organized as follows. In the first section we fix some notation and present
some preliminaries results. Section 2 is dedicated to prove Theorem A and we prove that
the endomorphism algebra of a τ -tilting module is not necessarily of finite global dimension.
In section 3, we study the annihilator of a τ -tilting module and we prove Theorem C and
Theorem D.
1. Preliminaries
Throughout this paper, all algebras are basic connected finite dimensional algebras over
an algebraically closed field k. For an algebra A we denote by modA the category of finitely
generated right A-modules.
1.1. A quiver Q is a quadruple (Q0, Q1, s, t) where Q0 is the set of points of Q, Q1 is the
set of arrows of Q, and s, t are functions from Q1 to Q0 which give, respectively, the source
s(α) and the target e(α) of a given arrow α.
A path in a quiver Q is a sequence γ = α1...αn such that e(αi) = s(αi+1) for 1 ≤ i < n, as
well as the symbol ei for i ∈ Q0. The paths ei are called trivial paths and s(ei) = e(ei) = i.
For a non-trivial path γ = α1...αn, we have that s(γ) = s(α1) and e(γ) = e(αn).
A path γ of length l ≥ 1 with source a ∈ Q0 and target b ∈ Q0 is a sequence of l arrows
α1, ..., αl such that s(α1) = a, e(αl) = b and s(αi+1) = e(αi), for 1 ≤ i ≤ l − 1. If ei is a
trivial path, then the length of ei is zero.
Given an algebra A, there exists a unique quiver QA and (at least) a surjective algebra
morphism η : kQA → A, where kQA denotes the path algebra of QA. Setting I = ker η, we
then have A ∼= kQA/I. The morphism η is called a presentation of A, and A is said to
be given by the bound quiver (QA, I). The ideal I is generated by a finite set of relations.
A relation in QA from a vertex x to a vertex y is a linear combination ρ =
n∑
i=1
ciwi, where
ci ∈ k \ {0} is non-zero for i = 1, . . . , n, and for all i, wi are paths of length at least two
from x to y.
A relation ρ ∈ I is said to be minimum if ρ =
∑
i
βiρiγi, where ρi is a relation for each
i, then there exists i such that βi, γi ∈ k. In this work, the word relation means minimum
relation in this sense.
A relation ρ =
n∑
i=1
ciwi ismonomial or a zero-relation if m = 1 and minimal if m ≥ 2
and, for every non-empty and proper subset J of {1, . . . ,m}, we have that
∑
j∈J
cjwj /∈ I.
Moreover, a pair (p, q) of non-zero paths p and q from a vertex a to a vertex b is called
a binomial relation if λp + µq ∈ I, with λ, µ ∈ k − {0}. We say that p and q are the
maximal subpaths of (p, q).
Given a finite quiver Q, we denote by M = (Ma, ϕα)(a∈Q0, α∈Q1) a representation of Q.
For a detail account on representation of quivers we refer the reader to [ASS, Chapter III,
Lemma 2.1].
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1.2. Recall that an algebra A = kQ/I is said to be monomial if the ideal I is generated
by paths. In [GHZ], E. Green, D. Happel and D. Zacharia gave an algorithm for computing
projective resolutions of the simple modules over monomial algebras. In particular, the
authors gave a bound for the global dimension of a monomial algebra in terms of the
relations.
We recall here some definitions and results that shall be useful for our purposes. We refer
the reader to [GHZ] for a detail account on this topics.
Let (B, ρ) be a directed path with a minimal set of relations ρ. Given two vertices u,w
in B we say that u < w if there exists a directed path from v to w.
Definition 1.1. [GHZ] Let v0 be a vertex of a directed path (B, ρ). We define inductively
the associated sequence of relations S of v0 (along B) as follows: if there is no r ∈ ρ
such that s(r) = v0, then S = ∅. Assume there is r1 ∈ ρ such that s(r1) = v0. Let r2 be the
relation in ρ (if it exists) such that s(r1) < s(r2) < e(r1) where s(r2) is minimal satisfying
this inequality. Assume that we have constructed r1, r2, . . . , ri. Let
Ri+1 = {r ∈ ρ | e(ri−1) ≤ s(r) < e(ri)}.
If Ri+1 6= ∅, let ri+1 be such that s(ri+1) is minimal with ri+1 ∈ Ri+1. Then S is the
sequence r1, r2, . . . , rN where N is either ∞ if Ri 6= ∅ for all i, or N is such that RN+1 = ∅
but Ri 6= ∅.
Theorem 1.2. [GHZ, Theorem 1.2] Let (B, ρ) be a directed path with minimal set of re-
lations ρ. Let v0, v1 be vertices of B such that there exists an arrow from v0 to v1. Let
S = {ri}
N
i=1 be the associated sequence of relations of v0 and xi = e(ri).
a) If S = ∅, then 0 → P (v1) → P (v0) → S(v0) → 0 is the minimal projective presen-
tation of S(v0).
b) Suppose S 6= ∅. If N <∞, then
0→ P (xN )→ P (xN−1)→ · · · → P (x1)→ P (v1)→ P (v0)→ S(v0)→ 0
is the minimal projective presentation of S(v0), and if N =∞ then pdBS(v0) =∞
and its minimal projective resolution is
· · · → P (xi)→ P (xi−1)→ · · · → P (x1)→ P (v1)→ P (v0)→ S(v0)→ 0
Using the above result and the topological universal cover of a quiver, the authors gave an
algorithm to compute the projective resolutions of simple modules over monomial algebras,
see [GHZ, Theorem 2.3]. As a consequence of this fact, they proved the following proposition
that leads to a certain type of periodicity in the projective resolution of the simpleA-modules
of infinite projective dimension.
Proposition 1.3. [GHZ, Corollary 2.5] Let A be a monomial algebra. Assume that S is a
simple A-module such that pdAS =∞. Let
· · ·
fn
→ An−1 → · · · → A1
f1
→ A0
f0
→ S → 0
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be a minimal projective resolution of S. Then, there exists a sequence of indecomposable
projective A-modules P1, P2, . . . , Pt and a positive integer l such that Pi is a direct summand
of Am+l+i for all m ≥ 0 and for i = 1, . . . , t.
Remark 1.4. Consider (Q˜, ρ˜) the universal cover of (Q, ρ) and Φ : (Q˜, ρ˜) → (Q, ρ). In
the proof of the Proposition 1.3, the authors show that if v is a vertex in Q such that
the simple module S(v) has infinite projective dimension, then it is possible to construct
an infinite sequence of minimal relations r∗1, r
∗
2, . . . , r
∗
n, . . . associated to v
∗ in (Q˜, ρ˜), with
Φ(v∗) = v and a, b integers with 1 ≤ a < b, such that r∗i = ri for i = 1, . . . , b + 1 and
Φ(r∗lb+j) = Φ(ra+j) for l ≥ 1 and 0 ≤ j ≤ b−a−1. As a consequence, there exists a sequence
of relations associated to v in (Q, ρ) that winds up around a fixed cycle. Furthermore, since
e(r∗i−1) < s(r
∗
i+1) < e(r
∗
i ) in (Q˜, ρ˜), there exist non-zero paths γj , for j = 1, . . . , n, such that
rj = γjγj+1 for j = 1, . . . , n − 1 and rn = γnγ˜1, where γ˜1 is a subpath of γ1.
1.3. We recall the definition of special biserial algebra.
Definition 1.5. An algebra A is special biserial if A ∼= kQ/I with (Q, I) a quiver with
relations satisfying the following conditions:
a) Each vertex of Q is start-point or end-point of at most two arrows.
b) For an arrow α, there is at most one arrow β such that αβ /∈ I and at most one
arrow γ such that γα /∈ I.
Next, we fix some notation and terminology that shall be used in this work.
Let A = kQ/I be a special biserial algebra. A walk w is called reduced if either w is
trivial or w = c1 . . . cn such that ci or c
−1
i is an arrow and ci+1 6= c
−1
i for all 1 ≤ i ≤ n. A
reduced walk w in Q is called a string if each path contained in w is neither a zero-relation
nor a maximal subpath of a binomial relation.
Let A = kQ/I be a special biserial algebra. Let w be a string in (Q, I). We denote by
M(w) the string module determined by w. Recall that if w is the trivial path at a vertex
a, then M(w) is the simple module at a. Otherwise w = c1c2 . . . cn where n ≥ 1 and ci or
c−1i is an arrow. For 1 ≤ i ≤ n, let Ui = k; and for 1 ≤ i ≤ n we denote by Uci the identity
map sending x ∈ Ui to x ∈ Ui+1 if ci is an arrow and otherwise the identity map sending
x ∈ Ui+1 to x ∈ Ui. For a vertex a, if a appears in w, then M(w)a is the direct sum of
spaces Ui with i such that s(ci) = a or i = n+ 1 and e(cn) = a; otherwise M(w)a = 0. For
an arrow α, if α appears in w, then M(w)α is the direct sum of the maps Uci such that
ci = α or c
−1
i = α; otherwise M(w)α is the zero map. In some cases, if we deal with a
projective module we write P (w) instead of M(w).
The following theorem of [HL] gives a combinatorial characterization of the special biserial
algebras such that the global dimension is at most two.
Theorem 1.6. [HL, Theorem 3.4] Let A = kQ/I be a special biserial algebra. Then the
global dimension of A is at most two if and only if (Q, I) satisfies the following properties:
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(GD1) The start-point of a binomial relation does not lie in another different binomial
relation.
(GD2) There is no path of the form p1p2p3, where p1, p2, p3 are non-trivial paths such that
p2 is a string and p1p2, p2p3 are the only zero-relations contained in the path.
(GD3) Let (αpβ, γqδ) be a binomial relation, where α, β, γ, δ are some arrows and p, q are
paths. If u is a non-zero path with e(u) = s(α), then either uαp or uγq is non-zero.
Dually if v is a non-zero path with s(v) = e(β), then either pβv or qδv is non-zero.
1.4. We recall that an A-module M is said to be τ -rigid if HomA(M, τM) = 0, where τ is
the Auslander-Reiten translation.
Definition 1.7. [AIR, Definition 0.1] Let M be a τ -rigid module. We say that M is
τ - tilting if M is τ -rigid and |M | = |A|.
By the Auslander-Reiten formula [ASS, Chapter IV Theorem 2.13] every rigid module is
τ -rigid and every tilting module is τ -tilting. Moreover, it follows from [AIR, Proposition
2.2] that any τ -tilting A-module is a tilting A/annT -module, where annT denotes the
annihilator of T .
We recall the following lemma of [AIR] that shall be useful.
Lemma 1.8. [AIR, Proposition 2.4] Let A be a finite dimensional algebra. Let X be in
modA with a projective presentation P1
p
→ P0 → X → 0. For Y ∈ modA, if HomA(p, Y )
is surjective, then HomA(Y, τX) = 0. Moreover, the converse holds if the projective presen-
tation is minimal.
2. A general bound
We start studying homological relations between A and A/annT , or more generally
between A and A/J with J a nilpotent ideal of A.
2.1. Change of rings functors. Let A be an algebra and J be a nilpotent ideal of A.
Consider the algebra morphism ϕ : A → A/J given by a 7→ a = a + J . This morphism
induces an exact functor U : modA/J → modA. More precisely, for each A/J-module M
the functor U gives an A-module structure. Thus, we get a natural immersion of modA/J
in modA.
On the other hand, we consider the functor F : modA → modA/J , given by
N 7→ F (N) = N ⊗A A/J ∼= N/NJ . It is well-known that (F,U) is an adjoint pair of func-
tors and if P is a projective A-module then A/J ⊗ P is a projective A/J-module.
Since J is a nilpotent ideal, then J ⊂ radA. Thus, rad(A/J) ∼= radA/J .
Lemma 2.1. Let A be an algebra and J a nilpotent ideal of A. If f : P →M is a projective
cover in modA, then f ⊗ 1 : P ⊗A A/J →M ⊗A A/J is a projective cover in modA/J .
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Proof. It is clear that f ⊗ 1 is an epimorphism and A/J ⊗A P is a projective A/J -module.
It is only left to prove that top(A/J ⊗A P ) = top(A/J ⊗A M).
top(P ⊗A A/J) ∼= top(P/PJ)
∼= (P/PJ)/rad(P/PJ)
∼= (P/PJ)/(P/PJrad(A/J))
∼= (P/PJ)/((P/PJ)radA/J)
∼= (P/PJ)/(P radA)/PJ)
∼= P/radP
∼= topP
∼= topM
∼= top(M ⊗A A/J)
Hence, by [ASS, Chapter 1, Lemma 5.6] we have that 1⊗ f : A/J ⊗A P → A/J ⊗A M is a
projective cover in modA/J . 
The following lemma is the main key to establish a relationship between the global
dimension of A and the global dimension of A/J .
Lemma 2.2. Let A be an algebra and J a nilpotent ideal of A. Let M be an A-module such
that TorAm(A/J,M) = 0 for all m > 0. Then pdAM = pdA/J(M/MJ).
Proof. Consider M ∈ modA with pdAM = n. Then there exists a minimal projective
resolution of M as follows:
(1) 0→ Pn
dn→ Pn−1
dn−1
→ · · · → P1
d1→ P0
d0→M → 0.
Since TorAm(A/J,M) = 0 for all m > 0, applying the functor −⊗AA/J to (1), we obtain
the exact sequence
(2) 0→ Pn ⊗A A/J
dn⊗A1→ · · · → P1 ⊗A A/J
d1⊗A1→ P0 ⊗A A/J
d0⊗A1→ M ⊗A A/J → 0.
On the other hand, since TorA1 (A/J,Ωm(M))
∼= TorAm+1(A/J,M) = 0 we
have that Ωm(M ⊗A A/J) ∼= Ωm(M) ⊗ A/J . By Lemma 2.1, we get that
Pm ⊗A A/J → Ωm(M ⊗A A/J) is a projective cover. Thus, the exact sequence in (2) is
a minimal projective resolution of M ⊗A A/J . Therefore, pdAM = pdA/J(M/MJ). 
Proposition 2.3. Let A be an algebra of finite global dimension and J be a nilpotent ideal
of A. Then gldimA ≤ gldim (A/J) + pdA(A/J).
Proof. Let M ∈ modA and n = pdA(A/J). Consider the exact sequence
0→Mn → Pn−1
dn−1
→ · · · → P1
d1→ P0
d0→M → 0
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with each Pi a projective A-module for i = 1, . . . , n− 1 and Mn = ker dn−1.
Then, TorAk (A/J,Mn)
∼= TorAk+n(A/J,M) = 0 because n = pdA(A/J). By Lemma 2.2,
we know that pdAMn = pdA/J(Mn/MnJ). Thus, we get that
pdAM ≤ n+ pdA/J(Mn/MnJ)
≤ pdA(A/J) + gldim(A/J).
Therefore, gldimA ≤ gldim (A/J) + pdA(A/J). 
2.2. The endomorphism algebra of a τ-tilting module. Given T a τ -tilting A- mod-
ule, since T is sincere then annT is a nilpotent ideal. As an application of Proposition 2.3
we obtain a relationship between the global dimension of A and the global dimension of B,
where B = EndAT .
Remark 2.4. Given T a τ -tilting A-module, since T is a (A/annT )- module, then
B = EndAT ∼= EndA/annTT . Moreover, since T is a tilting (A/ann T )-module we have
that if gldimA/annT <∞ then
|gldimA/annT − gldimB| ≤ 1.
Therefore, gldimB =∞ if and only if gldimA/annT =∞.
As an application of Lemma 2.3, we obtain Theorem A.
Theorem 2.5. Let A be an algebra of finite global dimension, T be a τ -tilting A-module
and B = EndAT . Then
gldimA ≤ gldimB + pdA(A/annT ) + 1.
Proof. Since annT is a nilpotent ideal, it follows from Lemma 2.3 that
gldimA ≤ gldimA/annT + pdA(A/annT ). If gldimA/annT =∞, then gldimB =∞ and
we have nothing to prove. Otherwise, gldimA/annT ≤ gldimB + 1. Then,
gldimA ≤ gldimA/annT + pdA (A/annT )
≤ gldimB + 1 + pdA (A/ann T ).

Remark 2.6. We claim that pdA (A/annT ) ≤ pdA T ≤ pdA (A/ann T ) + 1. In fact, since T
is a tilting (A/ann T )-module then pdA/ann TT ≤ 1. Thus, there exists an exact sequence:
(3) 0→ P1 → P0 → T → 0
with P0, P1 ∈ add (A/annT ). Since pdA Pi ≤ pdA (A/ann T ), for i = 0, 1, by [ASS, Apendix
4, Proposition 4.7] we get that pdA T ≤ pdA (A/annT ) + 1.
On the other hand, there exists a short exact sequence:
(4) 0→ A/annT → T0 → T1 → 0
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with T0, T1 ∈ addT . It follows from [ASS, Apendix 4, Proposition 4.7], that
pdA (A/annT ) ≤ pdA T , because pdA Ti ≤ pdA T , for i = 0, 1.
As a consequence, there is a relationship between the bound given by Proposition 2.5
and the bound given by Y. Miyashita in [M] for the global dimension of the endomorphism
algebra of a tilting module of finite projective dimension.
In the following example we show that the bound given in Proposition 2.5 for the global
dimension of the endomorphism algebra of a τ -tilting module is minimum.
Example 2.7. Let A = kQ/I be the algebra given by:
5α
vv❧❧❧❧
❧
1 3
δoo
ǫvv❧❧
❧❧❧
4
γ
oo 7
θhh❘❘❘❘❘
ωvv❧❧
❧❧❧
2 6β
hh❘❘❘❘❘
with I =< αγ, βγ, γδ, θα − ωβ >. Observe that gldimA = 4.
Consider T = 6⊕ 7
5 6
⊕3⊕3
2
⊕3
1
⊕
7
5 6
4
⊕7
6
a τ -tilting A-module. In this case, annT =< γ >.
Then A/ann T is given by the following disconnected quiver:
5α
vv❧❧❧❧
❧
1 3
δoo
ǫvv❧❧
❧❧❧
4 7
θhh❘❘❘❘❘
ωvv❧❧
❧❧❧
2 6β
hh❘❘❘❘❘
with I ′ =< θα− ωβ >.
The module A/annT ∼= 1 ⊕ 2 ⊕ 3
1 2
⊕ 4 ⊕ 5
4
⊕ 6
4
⊕
7
5 6
4
. Note that all the direct sum-
mands of A/annT are projective A-modules except for the direct summand S4. Then,
pdA(A/annT ) = pdAS4 = 2.
The endomorphism algebra B = EndAT is the following disconnected hereditary algebra:
5
1 3
δoo
ǫvv❧❧
❧❧❧
6
hh❘❘❘❘❘
vv❧❧❧❧
❧ 7oo
2 4
Then, gldimB = 1. Therefore
4 = gldimA ≤ gldimB + pdA (A/ann T ) + 1 = 4.
Given A an algebra of finite global dimension, it is well-known that the global dimension
of the endomorphism algebra of a tilting A-module is always finite, see [ASS, Chapter VI,
Theorem 4.2]. More generally, the same fact occurs if we consider the global dimension of
the endomorphism algebra of a tilting A-module of finite projective dimension, see [M]. The
global dimension of the endomorphism algebra of a τ -tilting module is not always finite, as
we show in the next example.
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Example 2.8. Consider A = kQ/I the algebra given by the following quiver:
1
α //
2
β
oo
θ
((❘❘❘
❘❘ 4
λoo
ωvv❧❧
❧❧❧
3
with I =< λθ, αβ, λβα >.
Observe that gldimA = 3. Consider the τ -tilting A-module T =
1
2
3
⊕
1
2 4
3 2
1
⊕
4
2 3
1
⊕ 4 1
3 2
.
The annihilator of T is generated by the path βα. Then A/annT is given by the following
quiver:
1
α //
2
β
oo
θ
((❘❘
❘❘❘ 4
λoo
ωvv❧❧
❧❧❧
3
with I ′ =< λθ, αβ, βα >.
The minimal projective resolution of S1 ∈ A/annT is
. . . //
1
2
3
//
''❖❖
❖❖❖
2
1 3
//
''❖❖
❖❖
1
2
3
// S1 // 0.
S1
77♦♦♦
2
3
77♦♦♦♦♦
Then, pdA/ann TS1 =∞. Thus gldim (A/ann T ) =∞. Therefore, gldimEndAT =∞.
We end up this section showing a family of algebras where the global dimension of the
endomorphism algebra of a τ -tilting module is infinite.
In general, for all n = k + 3, with k ≥ 0, we found an algebra An of global dimension
equal to n and, for each n, a τ -tilting An -module Tn such that Bn = EndTn is of infinite
global dimension. In fact, consider An = kQn/In, where Qn is as follows
1
α //
2
β
oo
θ &&
▲▲▲
▲▲ 4
λoo
ωxxrr
rrr
a1
µ1oo a2
µ2oo . . . ak
µnoo
3
and In =< λθ, αβ, λβα, µ1λ, µ2µ1, µ3µ2, . . . , µkµk−1 >, for k ≥ 1.
Consider U1 =
1
2 4
3 2
1
. The minimal projective presentation of U1 (in any algebra An) is
P3 → P1 ⊕ P4 → U1 → 0
Then, we have the following exact sequence
0→ τU1 → I3 → I1 ⊕ I4.
Hence, τU1 ∼= 2
3
. Similarly, if we consider U2 = 4 1
3 2
. The minimal projective presentation
of U2 is as follows
P2 → P1 ⊕ P4 → U2 → 0
Thus, we have
0→ τU2 → I2 → I1 ⊕ I4.
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Hence, τU2 ∼= S2.
Consider the module Tn =
ak⊕
i=a1
Pi⊕U1⊕U2⊕P1⊕P3. Since τAnTn
∼= 2
3
⊕ 2, then we get
that Tn is a τ -tilting An-module.
It is not hard to see that annTn =< βα >. Furthermore, gldimA/annT =∞. Therefore,
gldimEndTn =∞.
3. Algebras of global dimension two
The aim of this section is to study the global dimension of the endomorphism algebra of
a τ tilting module over an algebra of global dimension two. We focus our attention in two
families of algebras; the monomials algebras and the special biserial algebras. We prove
that if T is a τ -tilting module over these algebras then its endomorphism algebra is of finite
global dimension. We conjecture that this result holds in general for any algebra of global
dimension two.
We start studying the generators of the annihilator of a τ -tilting module. We show that
the generators of the annihilator of a τ -tilting module are related with the relations in the
algebra A. This is the main key for our purposes.
Theorem 3.1. Let A = kQ/I be an algebra, T be a τ -tilting A-module and ρ ∈ annT be a
non-zero path of length greater than or equal to two such that no proper subpath of ρ belongs
to annT . Then one of the following conditions hold:
i) There exists a non-zero path γ such that γρ is a zero-relation in A, or
ii) There exist non-zero paths γi, γ and non-zero scalars λi ∈ k such that γρ+
∑
i∈I
λiγi is
a minimal relation in A, where I is a finite set of indices.
Proof. Assume that conditions i) and ii) do not hold.
Let T =
r⊕
i=1
Ti be a τ -tilting A-module, with each Ti an indecomposable A-module for
i = 1, . . . , r. Let ρ = α1 . . . αn be a path in Q from a to c, with αj ∈ Q1 for j = 1, . . . , n,
such that ρ ∈ annT and where no proper subpath of ρ belongs to annT . In particu-
lar, α1 . . . αn−1 /∈ annT and α2 . . . αn /∈ annT . Since annT =
r⋂
j=1
annTj , then there exist
Tl = ((Tl)i, ϕλ)i∈Q0, λ∈Q1 and Th = ((Th)i, ϑλ)i∈Q0, λ∈Q1 indecomposable direct summands of
T such that α1 . . . αn−1 /∈ annTl and α2 . . . αn /∈ annTh.
Let di = dimk(Tl)i and P (i) be the indecomposable projective A-module corresponding
to the vertex i. Consider P0 =
⊕
i∈Q0
diP (i), where diP (i) is the direct sum of di copies
of P (i). To define a morphism g : P0 → Tl we introduce specific bases for each of the
representations Tl and P0. For each i ∈ Q0, let {mi1 , . . . ,midi} be a basis for (Tl)i, and thus
B′ = {mij | i ∈ Q0, j = 1, . . . , di} is a basis for Tl. For the projective modules we consider
the basis defined in [ASS, Chapter III, Lemma 2.1]. Let
B = {cij | i ∈ Q0, ci a path with s(ci) = i, j = 1, . . . , di}
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be a basis of P0. We define g : P0 → Tl on the basis B as follows:
g(cij) = ϕci(mij) ∈ (Tl)t(ci)
and we extend g linearly to P0. It follows that g is an epimorphism, but in general it is
not minimal. If we denote by (P˜0, g˜) the projective cover of Tl, there exists a commutative
diagram:
P0
g
//
π

Tl //

0
P˜0
g˜
// Tl // 0
such that g = g˜π y P˜0 is a direct summand of P0.
Since α1 . . . αn−1 /∈ annTl, we have that ϕαn−1 . . . ϕα1 6= 0. Moreover, there exists a
non-zero path ǫ1 . . . ǫm from x to a in Q such that S(x) is a direct summand of topTl and
ϕαn−1 . . . ϕα1ϕǫm . . . ϕǫ1 6= 0. Thus, there exists a non-zero element mxrx of the basis of
(Tl)x such that ϕρϕǫm . . . ϕǫ1(mxrx) = m 6= 0.
Since P (x) is a direct summand of P˜0, g and g˜ coincide in P˜0, then
g˜(ex) = g(cxrx) = ϕex(mxrx) = mxrx.
Then, g˜(ǫ1 . . . ǫmα1 . . . αn−1) = ϕǫ1...ǫmα1...αn−1(mxrx) = m 6= 0. Moreover, since
α1 . . . αn−1αn does not satisfy i), then the path ǫ1 . . . ǫmα1 . . . αn is non-zero and
g˜(ǫ1 . . . ǫmα1 . . . αn) = ϕαn . . . ϕα1ϕǫm . . . ϕǫ1(mxrx) = 0, because ϕαn . . . ϕα1 = 0. There-
fore, 0 6= ǫ1 . . . ǫmα1 . . . αn ∈ ker g˜.
We claim that ǫ1 . . . ǫmα1 . . . αn /∈ rad(ker g˜) and, in consequence S(c) is a direct sum-
mand of top (ker g˜). Indeed, since ǫ1 . . . ǫmα1 . . . αn ∈ (ker g˜)c, according to [ASS, Chapter
III, Lemma 2.2] we have that
ǫ1 . . . ǫmα1 . . . αn ∈
∑
λ:•→c
Im(ψλ : (ker g˜)• → (ker g˜)c).
In the representation of ker g˜, the morphisms ψλ are the restriction of the morphisms in P˜0,
i.e, the multiplication by arrows. If ǫ1 . . . ǫmα1 . . . αn ∈ rad (ker g˜), then
ǫ1 . . . ǫmα1 . . . αn =
∑
λ:y→c
ληy.
with ηy ∈ (kerg˜)y, getting a contradiction, because condition ii) does not hold. Therefore,
S(c) is a direct summand of top (ker g˜).
If P1
f
→ P˜0
g˜
→ Tl → 0 is the minimal projective presentation of Tl, then P (c) is a direct
summand of P1. Moreover, by construction, f(ec) = ǫ1 . . . ǫmα1 . . . αn.
On the other hand, since α2 . . . αn /∈ annTh, then ϑαn . . . ϑα2 6= 0. Thus, S(c) is a
composition factor of Th. Then, there exists a non-zero element t ∈ (Th)c. We define
θ : Pc → Th such that θ(ec) = t 6= 0 and if w is a path starting at the vertex c, θ(w) = ϑw(t).
Consider the morphism θ˜ : P1 = P (c)⊕ P
′
1 → Th defined by θ˜ = (θ, 0).
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Since HomA(Th, τATl) = 0, by Proposition 1.8 the morphism
HomA(P˜0, Th)
(f,Y )
→ HomA(P1, Th)
is surjective. Then, there exists a morphism ψ : P˜0 → Th such that θ˜ = ψf . In particular,
t = θ˜(ec, 0) = ψf(ec) = ψ(ǫ1 . . . ǫmα1 . . . αn).
We have the following commutative diagram:
(P˜0)a
∗α1 //
ψa

. . . . . .
∗αn // (P˜0)c
ψc

(Th)a
ϕα1 // . . . . . .
ϕαn // (Th)c
It follows that ψc ∗ αn · · · ∗ α1 = ϕαn . . . ϕα1ψa, where ∗αi is the morphism of the represen-
tation of P0 which is the multiplication by αi. Then,
ψc ∗ αn · · · ∗ α1(ǫ1 . . . ǫm) = ψc(ǫ1 . . . ǫmα1 . . . αn) = t
ϕαn . . . ϕα1ψa(ǫ1 . . . ǫm) = 0.
Hence t = 0, which is a contradiction. 
Next, we show an example of certain τ -tilting module that satisfies statements i) and ii)
of the above proposition.
Example 3.2. Let A = kQ/I be the algebra given by the following quiver:
2
γ
// 4
λ
!!❈
❈❈❈
1 β
!!❈
❈❈❈
α ==④④④④
5
ǫ // 6
µ
// 7
3
δ
66♠♠♠♠♠♠♠♠♠
where I =< αγλ− βδ, λǫµ >.
Consider the τ -tilting A-module
T =
1
2
4
⊕
4
5
6
⊕ 6
7
⊕ 1
3
⊕ 7⊕ 4⊕ 1.
If we compute the annihilator of T , we get that annT =< δ, γλ, ǫµ >. Thus, the path γλ is
associated to the minimal relation αγλ− βδ, and ǫµ is related with the zero-relation λǫµ.
In the next result we give a nice presentation of A/annT , when T is a τ -tilting module.
Lemma 3.3. Let A be an algebra and ηA : kQA → A be a presentation of A, with
IA = ker ηA. Let T be a τ -tilting module such that annT is generated by paths. Then
there exits a presentation ηA/annT : kQA/ann T → A/annT such that ηA/annT π˜ = πηA, where
π : A→ A/ann T is the projection morphism and π˜ : kQA → kQA/ann T is a surjective map.
Moreover,
IA/annT = ker ηA/annT = 〈IA ∩ kQA/ann T , annT ∩ kQA/annT 〉.
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Proof. Let Q be the quiver define as follows:
Q0 = (QA)0.
Q1 = (QA)1 \ {α ∈ (QA)1 | α ∈ annT}.
Then we have a surjective map π˜ : kQA → kQ as follows:
π˜(ex) = ex for all x ∈ (QA)0.
π˜(α) = 0 if α ∈ annT ∩ (QA)1.
π˜(β) = β if β ∈ (QA)1 and β /∈ annT.
It is clear that ker π˜ = 〈α ∈ (QA)1 | α ∈ annT 〉. Consider π : A→ A/annT the usual pro-
jection. For α ∈ annT we have that πηA(α) = 0. Thus, ker π˜ ⊂ kerπηA. Then, there exists
a unique morphism ηA/annT : kQ→ A/ann T such that ηB π˜ = πηA, as we can see in the
following diagram:
kQA
π˜

πηA //A/annT
kQ
ηA/annT
66♥♥♥♥♥♥♥
We claim that IA/annT = ker ηA/ann T is an admissible ideal.
First, we prove that IA/annT ⊂ r
2
Q. Assume that IA/annT is not included in r
2
Q. Consider
γ ∈ IA/annT and γ /∈ r
2
Q. Then, there exist arrows β1, . . . , βm in Q, c1, . . . , cm non-zero
scalars and ρ ∈ r2Q such that
γ =
m∑
i=1
ciβi + ρ.
Consider γ an element of kQA. We get that
πηA(γ) = ηA/ann T π˜(γ) = ηA/annT (γ) = 0.
Hence, ηA(γ) = γ + IA ∈ kerπ = annT . Then there exist a1, . . . , al non-zero scalars,
α1, . . . , αl arrows that belong to annT and λ ∈ annT ∩ r
2
QA
such that
γ + IA =
l∑
j=1
ajαj + λ+ IA.
Since IA is an admissible ideal and ρ, λ ∈ r
2
QA
the equation
m∑
i=1
ciβi + ρ+ IA =
l∑
j=1
ajαj + λ+ IA
implies that
m∑
i=1
ciβi =
l∑
j=1
ajαj , which is a contradiction because the arrows αj are not in
Q, proving that IA/annT ⊂ r
2
Q.
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On the other hand, there exists n ∈ N such that rnQA ⊂ IA. Since Q is a subquiver of QA
we have that rnQ ⊂ r
n
QA
. Thus, rnQ ⊂ IA. Let x ∈ r
n
Q, then
ηA/annT (x) = ηA/ann T π˜(x) = πηA(x) = 0
because x ∈ IA. Hence, r
n
Q ⊂ IA/ann T and IA/annT is an admissible ideal.
Since the quiver of an algebra is uniquely determined, then Q = QA/ann T and
ηA/annT : kQ→ A/annT is a presentation of A/annT .
Next, we prove that IA/annT = kerηA/ann T = 〈IA ∩ kQA/annT , annT ∩ kQA/annT 〉. Let
y ∈ IA/annT . Then,
0 = ηA/annT (y) = ηA/annT (π˜(y)) = πηA(y).
Thus, ηA(y) ∈ kerπ = annT . Then there exists z ∈ annT such that ηA(y) = y + IA = z.
Hence, y ∈< IA ∩ kQA/annT , annT ∩ kQA/annT >.
Conversely, let z ∈< IA ∩ kQA/annT , annT ∩ kQA/ann T >. Then z = z1 + z2, with
z1 ∈ IA ∩ kQA/annT and z2 ∈ annT ∩ kQA/annT . Thus
ηA/annT (z) = ηA/ann T (π˜(z))
= πηA(z)
= π(ηA(z1)) + π(ηA(z2))
= 0.
Therefore, z ∈ IA/annT . 
3.1. Monomial algebras of global dimension two. We start proving that the annihi-
lator of a τ -tilting module over a monomial algebra is an ideal generated by paths.
Lemma 3.4. Let A = kQ/I be a monomial algebra and T be a τ -tilting A-module. Suppose
that
m∑
i=1
λiρi ∈ annT , with ρi non-zero paths of length greater than or equal to two and
λi ∈ k for i = 1, . . . ,m. Then, ρi ∈ annT for i = 1, . . . ,m.
Proof. Let T =
n⊕
i=1
Ti be a τ -tilting A-module, with each Ti an indecomposable A-module,
for i = 1, . . . , n. Consider ρ =
m∑
i=1
λiρi in Q, with ρi non-zero paths from a to c of length
greater than or equal to two and λi ∈ k for i = 1, . . . ,m, such that ρ ∈ annT . Suppose that
there exists k ∈ {1, . . . ,m} such that ρk /∈ annT . Then, there exists an indecomposable
direct summand Th = ((Th)y, ϕα)(y∈Q0, α∈Q1) of T such that ρk /∈ annTh and, therefore
ϕρk 6= 0.
Let S(x) be a direct summand of top Th such that there exists a non-zero path γ from x
to a and ϕρkϕγ 6= 0. Let {mx1 , . . . ,mxdx} be a basis for (Th)x as a vector space. As in the
proof of Proposition 3.1, we can consider a minimal projective presentation of Th as follows:
P1
g
→ P0
f
→ Th → 0
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such that f(ex) = mx1 and f(ǫ) = ϕǫ(mx1) if ǫ is a path in Q starting in x. Since A is a
monomial algebra and γρk 6= 0 then γ
m∑
i=1
λiρi 6= 0. Therefore, γ
m∑
i=1
λiρi ∈ kerf , because
f(γρ) = ϕρϕγ = 0ϕγ = 0. Next, we show that γρ /∈ rad(kerf).
We recall that the morphisms in the representation of the kerf are the restriction of the
morphism in the representation of P0, and therefore they consist in the multiplication by
the correspondent arrows. Then, if γρ ∈ rad(kerf), there exists ωy ∈ (ker f)c such that
(5) γρ =
∑
β:y→c
ωyβ.
The equation (5) define a relation γρ−
∑
β:y→c
ωyβ in I with γρ 6= 0 which is not monomial,
getting a contradiction because A is a monomial algebra. Therefore, γρ /∈ rad (ker f).
Hence, S(c) is a direct summand of topTh and P (c) is a direct summand of P1.
As in the proof of Proposition 3.1, if P (c) is a direct summand of P1 we can construct a
morphism θ : P1 → Th which does not factorize through g, a contradiction to Proposition
1.8. Hence, if
m∑
i=1
λiρi ∈ annT , then ρi ∈ annT for all i = 1, . . . ,m. 
Remark 3.5. Observe that if A = kQ/I is a monomial algebra of global dimension two, with
I =< ρ > there is no path of the form γ1γ2γ3, with γ1, γ2, γ3 non-trivial paths, such that
γ1γ2 and γ2γ3 are the only zero-relations in A contained in the path. Indeed, assume that
there exists such a path in A. Denote x = s(γ1) and (Q˜, ρ˜) the universal cover of (Q, ρ) with
Φ : Q˜ → Q. Then there exists in Q˜ two relations r∗1, r
∗
2 associated to x
∗, with Φ(x∗) = x,
such that Φ(r∗1) = γ1γ2, Φ(r
∗
2) = γ2γ3 and s(r
∗
1) < s(r
∗
2) < e(r
∗
1). Then by Theorem 1.2, we
have that pd
rep(Q˜,ρ˜)
S(x∗) ≥ 3 . Thus, pdAS(x) ≥ 3 which is a contradiction.
Now we are in position to prove Theorem C.
Theorem 3.6. Let A = kQ/I be a monomial algebra of global dimension two, T be a
τ -tilting A-module and B = EndA T . Then gldimB <∞.
Proof. Assume that gldimB = ∞. Since T is a tilting A/annT -module, then
gldimA/ann T =∞.
By Proposition 3.1 and by Lemma 3.4 we know that annT is generated by paths. Thus,
A/annT is a monomial algebra. Since gldimA/annT = ∞, there exists a vertex v0 ∈ Q0
such that pdA/annT S(v0) =∞. By Proposition 1.3 and Remark 1.4 there exists a sequence
of relations associated to v0, r1, . . . , rk which ends in a cycle ρ = α1 . . . αn, with αi ∈
(QA/ann T )1 for i = 1, . . . , n and s(α1) = e(αn). We denote by r
′
1, r
′
2, . . . , r
′
h the subsequence
of relations that go through the cycle, with r′j = γjγj+1, γj non zero paths for j = 1, . . . , h
and rh = γhγ˜1, with γ˜1 a subpath of γ1.
Given r′j in this subsequence, then either r
′
j is a zero-relation of A or is a relation of
A/annT which is not a relation in A. We claim that none relation r′j belong to A. In
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fact, assume that there exists j such that r′j is a zero-relation in A. Then if r
′
j−1 is a zero-
relation in A, by Remark 3.5 we get that pdA S(xj−1) ≥ 3, where xj−1 = s(rj−1), which is
a contradiction. Thus, rj−1 is not a relation in A. Then, by Proposition 3.1 there exists
γ a non-zero path in A such that γr′j−1 is a monomial relation in A. Thus, pdAS(x) ≥ 3,
with x = s(γ), which is a contradiction. Hence, none r′j belong to A.
Since A is a finite dimensional algebra and there is a cycle in Q, it must exist a monomial
relation λ ∈ I which starts and ends in the vertices of the cycle. Since the sequence of
relations r′1, . . . , r
′
h go through the cycle ρ, there exist l ∈ {1, . . . , h} and ν non-zero paths
such that r′l = r
′′
1ν and λ = νλ
′. Let γ′ be a non-zero path in A such that γ′rl is a zero-
relation in A. Then, pdAS(y) ≥ 3 with y = s(γ
′) which is a contradiction. Therefore,
gldimA/ann T <∞ and gldimB <∞. 
In the above theorem we show that if A is a monomial algebra with global dimension two,
then gldimB < ∞, where B = EndA T and T is a τ -tilting A-module. A natural question
is if there exists an explicit bound for gldimB.
In the next example, we show that the above question is not true. More precisely, if
we fix a bound l then we can construct an algebra A and a τ -tilting module T such that
gldimEndAT = n, with n > l.
Example 3.7. Consider the algebra An = kQn/In, where, for each n, Qn is the following
quiver:
a1
γ1

a3
γ3

an−2
γn−2

1
α1 //2
α2 //3
α3 //4 . . . n− 2
αn−2 //n− 1
αn−1 //n
αn //n+ 1
a2
γ2
OO
an−1
γn−1
OO
and In =< γiαiαi+1 | i = 1, . . . , n− 1 >. Since A is a triangular monomial algebra, by [G],
we know that gldimA = 2. Consider the following module
T =
n−1⊕
j=1
Taj ⊕ S(aj)⊕ P (n)⊕ P (n+ 1)
where S(aj) is the simple at the vertex aj, P (n) and P (n + 1) are the projective modules
corresponding to the vertices n and n+1, respectively, and Taj = ((Taj )x, ϕ
aj
δ ){x∈Q0, δ∈Q1},
where for each x ∈ (Qn)0, the vector space (Taj )x is:
(Taj )x =
{
k if x ∈ {aj , aj+1, j, j + 1}.
0 else.
and, for each δ ∈ (Qn)1, the morphism ϕ
aj
δ is:
ϕ
aj
δ =
{
Id if δ ∈ {γj , γj+1, αj}.
0 else.
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Let P (j) → P (aj) → S(aj)→ 0 be the minimal projective presentation of S(aj). Then we
get the following exact sequence:
0→ τAS(aj)→ I(j) → I(aj) ∼= S(aj).
Thus, we have that τAS(aj) = ((τAS(aj))x, φ
aj
δ ) is given by
(τAS(aj))x =
{
k if x ∈ {aj−11, . . . , j}
0 else
for each x ∈ (Qn)0 and the morphism is
φ
aj
δ =
{
Id if δ ∈ {γj−1, α1, . . . , αj−1}
0 else
for each δ ∈ (Qn)1.
Since top Taj = S(aj+1) ⊕ S(aj), then the minimal projective presentation of Taj
P (j + 1)→ P (aj+1)⊕ P (aj)→ T (aj)→ 0 induces an exact sequence
0→ τATaj → I(j + 1)→ S(aj+1)⊕ S(aj)
Hence, we get that τATaj = ((τATaj )x, ψ
aj
δ ) is given by
(τAS(aj))x =
{
k if x ∈ {1, . . . , j}.
0 else.
for each x ∈ (Qn)0 and the morphism is
ψ
aj
δ =
{
Id if δ ∈ {α1, . . . , αj−1}.
0 else.
for each δ ∈ (Qn)1.
It follows that HomA(T, τAT ) = 0 . Thus, since |T | = n − 1 + n − 1 + 2 = n we obtain
that T is a τ -tilting module. Finally we compute EndA(T ).
Observe that dimkHomA(Taj , Taj−1) = 1 and dimkHomA(Taj , Taj−2) = 0. On the other
hand, there is only one linear independent morphism from T (aj) to S(aj), let say fj,
and there is only one linear independent morphism from T (aj) to S(aj−1) which fac-
tors through fj. Furthermore, dimkHomA(Pn, Tn−1) = 1, dimkHomA(Pn+1, Pn) = 1 and
dimkHomA(Pn+1, Tn−1) = 1. Then, B = EndA(T ) is given by the following quiver Q
′
n
1
β1
//2
β2
//3
β3
//4 . . . •
βn−2
//n− 1
βn−1
//n
βn
//n+ 1
b1
OO
b2
OO
b3
OO
b4
OO
bn−2
OO
bn−1
OO
and I ′n =< βiβi+1, i = 1, . . . , n− 1 >. Hence, by [G] we get that gldimB = n.
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3.2. Special biserial algebras of global dimension two. In this section, we start prov-
ing that the annihilator of a τ -tilting A-module over a special biserial algebras is generated
by paths.
Lemma 3.8. Let A = kQ/I be a special biserial algebra and T be a τ -tilting A-module.
Assume 0 6= p+ q ∈ annT , with p, q non-zero paths of length greater than or equal to two.
Then p ∈ annT and q ∈ annT .
Proof. Let T =
n⊕
i=1
Ti be a τ -tilting A-module, with Ti indecomposable A-modules, for
i = 1, . . . , n. Consider p + q ∈ annT , with p, q non-zero paths in Q from a to b. Assume
that p /∈ annT . Then, there exists Th = ((Th)y, ϕα)y∈Q0,α∈Q1 a direct summand of T such
that p /∈ annTh. Since p+ q ∈ annTh then q /∈ annTh.
Let S(x) be a direct summand of topTh such that there exists a non-zero path γ from
x to a and ϕpϕγ 6= 0. Then ϕqϕγ 6= 0. Since A is a special biserial algebra if γp 6= 0 then
γq = 0. Thus, ϕqϕγ = 0 which is a contradiction. Hence, S(a) is a direct summand of
topTh.
Let {ma1 , . . . ,mada} be a basis for (Th)a. As in the proof of Proposition 3.1, we consider
P1
g
→ P0
f
→ Th → 0 a minimal projective presentation of Th such that f(ea) = ma1 and
f(ǫ) = ϕǫ(ma1) if ǫ is a path in Q starting in a. Then p+ q ∈ kerf , because
f(p+ q) = ϕp+q(ma) = (ϕp + ϕq)(ma) = 0.
Let us prove that p+ q /∈ rad(kerf). Suppose that p+ q ∈ rad(ker f). Since the morphisms
in the representation of kerf are the multiplication by arrows, then there exists νy ∈ (kerf)b
such that
(6) p+ q =
∑
β:y→b
νyβ.
The equation (6) define a relation in A which has more than three branches and p+ q 6= 0,
which is a contradiction because A is special biserial. Thus, p+ q /∈ rad(ker f). Hence, S(b)
is a direct summand of top (ker f) and P (b) is a direct summand of P1.
As in the proof of the Proposition 3.1, if P (b) is a direct summand of P1 we can construct a
morphism θ : P1 → Th which does not factor through g which is a contradiction. Therefore,
if p+ q ∈ annT then p ∈ annT and q ∈ annT . 
Remark 3.9. As a consequence of Lemma 3.8, we get that if A is a special biserial algebra
and T is a τ -tilting module (which is not tilting), then annT is generated by paths of length
greater than or equal to one.
Proposition 3.10. Let A = kQ/I be a special biserial algebra such that gldimA = 2 and
T be a τ -tilting A-module. Then A/annT satisfies (GD1) and (GD3), stated in Theorem
1.6.
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Proof. By Lemma 3.8, the annihilator of T is generated by paths. Then, A/annT has at
least the same binomial relations that A. By Theorem 1.6, we have that A satisfies (GD1)
and thus, A/annT satisfies (GD1).
Let (αpβ, γqδ) be a binomial relation in A/annT . Consider u a non-zero path in A/annT
such that e(u) = s(α), uαp = 0, uγq = 0 and minimal in the sense that if u′ is a subpath of
u then u′αp 6= 0 or u′γq 6= 0. We write u = ρ1 . . . ρk with ρi an arrow for each i = 1, . . . , k.
Since A is special biserial then ρkα = 0 or ρkγ = 0. Without loss of generality, assume that
ρkα = 0. Then there exists a relation λ in A/annT contained in uγq. Since A satisfies
(GD3) then λ is not a relation in A. Thus, since A satisfies (GD1), by Proposition 3.1
there exists a non-zero path λ1 of length greater than or equal to one such that λ˜ = λ1λ is
a zero-relation in A.
Since u 6= 0 and γq 6= 0 then λ contains al least the path uγ (it must contain u, because
if not it is a contradiction to the minimality of u). Consider u˜ = λ1u. Since λ˜ is a zero-
relation, then u˜ 6= 0. Hence, we have that u˜αp = 0 in A and u˜γq = 0 in A, which is a
contradiction because A satisfies (GD3).
Now, if we consider v a non-zero path in A/annT such that s(v) = e(β), with similar
arguments as above it is not hard to see that if pβv = 0 then qδv = 0. Therefore, A/annT
satisfies (GD3). 
Remark 3.11. Let A = kQ/I be a special biserial algebra such that gldimA = 2. The
following quivers could not be subquivers of Q.
a) A binomial relation (αpγ, βqδ) such that s(α) = e(γ).

. . . . . .

•
αrr β ,,
. . .
γ
BB
δ
\\
. . .
If there exists such a binomial relation, since A is special biserial, the following conditions
are satisfied:
(δα = 0 or δβ = 0) and (γα = 0 or γβ = 0) and (γα = 0 or δα = 0) and (γβ = 0 or δβ = 0).
Suppose that γα = 0 and δβ = 0. Let u = αp′γ 6= 0. Then uαp′ = 0 and uβq′ = 0
which is a contradiction since A satisfies (GD3). A similar analysis hold if we consider
the other cases.
ON THE GLOBAL DIMENSION OF THE ENDOMORPHISM ALGEBRA OF A τ -TILTING MODULE 21
b) A subquiver of the form: a
γ
•
✤
✤
✤
✤
✤
✤
✤α1
~~⑦⑦⑦
β1
  ❅
❅❅
•
α2

•
β2

...
...
•
αn
&&▲▲
•
βm
xxrr
•
ρ
•
with γβ1 = 0 and αnρ = 0. Indeed, considering p1 = γα1 . . . αn−1, p2 = αn and p3 = ρ
we obtain that p1p2 and p2p3 are the only zero-relations contained in the path p1p2p3,
which is a contradiction since A satisfies (GD2).
c) The end-point of a zero-relation ρ1 . . . ρn in A could not be the start-point of two arrows
α, β. Indeed, since A is special biserial then ρnα = 0 or ρnβ = 0. Thus, taking the paths
p1 = ρ1 . . . ρn−1, p2 = ρn and p3 = α (or p3 = β), we get a contradiction since A satisfies
(GD2).
In order to prove the main result of this section, first we give some lemmas.
Lemma 3.12. Let A = kQ/I be a special biserial algebra such that gldimA = 2, T be a
τ -tilting module and a ∈ (QA/annT )0. Assume that in the vertex a only starts a binomial
relation. Then pdA/annTS(a) ≤ 2.
Proof. Let a ∈ (QA/ann T )0 be a vertex such that only starts a binomial relation (αp, βq) in
a, with α, β ∈ (QA/ann T )1 and p, q non-trivial paths. The projective cover of S(a) is P (a)
and radP (a) =M(pq−1).
We claim that pdA/annTM(pq
−1) ≤ 1. In fact, by [HL, Lemma 2.5], it is enough to
show that pq−1 does not satisfy (PD1), (PD2), (PD3) and (PD4). Since A/ann T satisfies
(GD1) and (GD3), we have that (PD4) and (PD3) are not satisfy, respectively. If (PD1)
holds, then there exists an arrow λ such that λ−1pq−1 is a reduced walk. Since A is special
biserial, there exists a zero-relation αλ starting in a, a contradiction. Similarly, we get that
(PD2) is not possible. Thus, pdA/annTM(pq
−1) ≤ 1. Therefore, pdA/annTS(a) ≤ 2. 
Lemma 3.13. Let A = kQ/I be a special biserial algebra such that gldimA = 2, T be a
τ -tilting module and a ∈ (QA/ann T )0. Assume that a is not the start-point of a binomial
relation. Then pdA/annTS(a) ≤ 4.
Proof. Consider a ∈ (QA/ann T )0 such that a is not the start-point of a binomial relation and
pdA/annTS(a) ≥ 5. Then we have a subquiver as follows:
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a
β1
✮
✮✮
✮✮
✮
α1


✕✕
✕✕
✕✕
•
u




J

J

J
•
v

T
T
T
• •
with α1, β1 ∈ (QA/annT )1 and u, v paths. Then the projective cover of S(a) is P (u
−1α−11 β1v).
We have the following exact sequence:
0→M(u)⊕M(v) → P (u−1α−11 β1v)→ S(a)→ 0.
Since pdA/annTS(a) ≥ 5, then we get that pdA/annTM(u) ≥ 4 or pdA/annTM(v) ≥ 4. With-
out loss of generality, assume that pdA/annTM(u) ≥ 4.
If u is a trivial path then e(α1) is not the start-point of a binomial relation, because
A/annT satisfies (GD3).
Assume that u is not a trivial path and e(α1) is the start-point of a binomial relation
(uu2, β2v2), with β2 ∈ (QA/annT )1 and u2, v2 paths of length al least one. Observe that,
since A/annT satisfies (GD3), u2 is an arrow. Then, we have the following exact sequence:
0→M(v2)→ P (uu2, β2v2)→M(u)→ 0
where P (uu2, β2v2) is the projective cover of M(u). Since pdA/annTM(u) ≥ 4, M(v2) is not
a projective module. Then, there exists ρ ∈ (QA/annT )1 such that either ρ
−1v2 is a reduced
walk or v2ρ is a reduced walk (observe that s(v2) is not the start-point of a binomial relation
because A/ann T satisfies (GD1)).
Assume that there exists ρ ∈ (QA/annT )1 such that ρ
−1v2 is a reduced walk. Then since
α1u 6= 0 in A and β2v2 6= 0 in A we get that α1β2 = 0 in A and β2ρ in A which is a
contradiction since A satisfies (GD2). Then, there exists ρ ∈ (QA/annT )1 such that v2ρ is a
reduced walk. Since v2ρ 6= 0 in A, then u2ρ must be zero in A. Since α1β2 = 0 in A, by
Remark 3.11 we get a contradiction.
Therefore, e(α1) is not the start-point of a binomial relation. Since pdA/annTM(u) ≥ 4,
there exists either β2 ∈ (QA/annT )1 such that β
−1
2 u is a reduced walk or u
′
2 ∈ (QA/ann T )1
such that uu′2 is a reduced walk. with v1 and u2 paths. Then, we have the following exact
sequence:
0→M(v1)⊕M(u2)→ P (v
−1
1 β
−1
2 uu
′
2u2)→M(u)→ 0
where P (v−11 β
−1
2 uu
′
2u2) is the projective cover of M(u) and M(v1) 6= 0 or M(u2) 6= 0.
Without loss of generality, assume that M(u2) 6= 0 and pdA/annTM(u2) ≥ 3. Observe that,
in this case, there exists a zero-relation r1 = α1uu
′
2 in A/annT (u could be a trivial path).
According to Lemma 3.3, we have three possibilities: r1 is a relation in A, there exists a
non trivial path γ such that γr1 is a zero-relation in A or there exist paths ρ, p such that
(ρr1, p) is a binomial relation in A (observe that ρ could be a trivial path).
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Assume that r1 is a zero-relation in A. Then e(u
′
2) is not the start-point of two arrows.
Since M(u2) is not a projective module, there exists u
′
3 ∈ (QA/annT )1 such that u2u
′
3 is a
reduced walk in A/annT . We have the following exact sequence:
0→M(u3)→ P (u2u
′
3u3)→M(u2)→ 0
where P (u2u
′
3u3) is the projective cover of M(u2). Then there exists a zero-relation r2
contained in the path uu′2u2u
′
3 that contains the path u
′
2u2u
′
3. Let r2 = u˜u
′
2u2u
′
3, with
u = û u˜. Since gldimA = 2, then r2 is not a zero-relation in A.
Assume that there exists a non trivial path γ such that γr2 is a zero-relation in A. Since
r2 is of length al least two, then γr2 is of length at least three. Therefore, since A is special
biserial u is trivial and r1 is of length two. Then α1u
′
2 and γu
′
2u2u
′
3 are zero-relations in
A. Since e(u′3) is the end-point of a zero-relation in A, then e(u
′
3) is not be the start-point
of two arrows. Since M(u3) is not a projective module, there exists u
′
4 ∈ (QA/annT )1 such
that u3u
′
4 is a reduced walk. Then we have a relation r3 in A/annT contained in the path
u2u
′
3u3u
′
4 that contains the path u
′
3u3u
′
4. Let r2 = u˜2u
′
3u3u
′
4, with u2 = û2 u˜2. Since A
satisfies (GD2), then r3 is not a relation in A. Since γr2 is of length al least three, then there
is no path γ′ such that γ′r3 is a zero-relation in A because A is special biserial. Assume
that there exists a path θ such that (θr3, λp) is a binomial relation in A, with λ an arrow
and p a path. Then θ is a subpath of u′2û2. Since u
′
2u2u
′
3 6= 0, then u
′
2û2λ is zero because
A is special biserial. Since γu′2u2u
′
3 = 0 we get a contradiction because A satisfies (GD3).
Hence, for this case, M(u3) is projective and pdA/annTS(a) ≤ 3.
Assume that r2 is related with a binomial relation in A. Then we have two possibili-
ties: (r2, λ1pλ2) is a binomial relation in A or there exists a non-trivial path γ such that
(γr2, λ1pλ2) is a binomial relation in A. First, suppose that (r2, λ1pλ2) is a binomial rela-
tion in A, with λ1, λ2 arrows and p a path. If u is not a trivial path, then since uu
′
2 6= 0 we
get that uλ = 0. Taking the path α1û we have a contradiction because A satisfies (GD3).
Therefore, u is a trivial path and we have that r1 = α1u
′
2 and r2 = u
′
2u2u
′
3. By Remark
3.11, e(u′3) is not the start-point of two arrows. Since M(u3) is not a projective module,
then there exists u′4 ∈ (QA/annT )1 such that u3u
′
4 is a reduced walk. Then we have a zero-
relation r3 in A/annT contained in the path u2u
′
3u3u
′
4 that contains the path u
′
3u3u
′
4. Let
r3 = u˜2u
′
3u3u
′
4, with u2 = û2 u˜2. Since A satisfies (GD3) and (GD1), r3 is a zero-relation
in A. Moreover, since A satisfies (GD3), r3 is of length two and then u˜2 and u3 are trivial
paths. Then r3 = u
′
3u
′
4. Since u3 is a trivial path, M(u3) is a simple module. Then we have
the exact sequence:
0→M(u4)→ P (u3u
′
4u4)→M(u3)→ 0
where P (u3u
′
4u4) is the projective cover of M(u3). Since e(u
′
4) is the end-point of a zero-
relation in A, then e(u′4) is not the start-point of two arrows. SinceM(u4) is not a projective
module, there exists u′5 ∈ (QA/annT )1 such that u4u
′
5 is a reduced walk in A/annT . Then,
there exists a zero-relation r4 = u
′
4u4u
′
5 in A/annT . Since gldimA = 2, then r4 is not a
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zero-relation in A. Since A satisfies (GD3) and (GD1), then r4 is not related neither with a
zero-relation in A nor a binomial relation in A, which is a contradiction. Therefore, M(u4)
is a projective module and pdA/annTS(a) ≤ 4.
Finally, assume that there exists a non-trivial path γ such that (γr2, λ1pλ2) is a binomial
relation in A. Since A is special biserial and γr2 6= 0, we get that u is a trivial path and
r1 = α1u
′
2. Clearly, e(u
′
3) is not the start-point of a binomial relation because A satisfies
(GD1). SinceM(u3) is not a projective module there exists either β ∈ (QA/annT )1 such that
β−14 u3 is a reduced walk or u
′
4 ∈ (QA/ann T )1 such that u3u
′
4 is a reduced walk. Suppose that
there exists β such that βu3 is a reduced walk. Then there exists a zero-relation r3 contained
in the path u2u
′
3β that contains the path u
′
3β. Since A satisfies (GD1) and (GD3), r3 is
a zero-relation in A of length two. Then r3 = u
′
3β. Moreover, for this case there is no u
′
4
such that u3u
′
4 is a reduced walk in A/annT because A satisfies (GD1) and (GD3). Then
we get the following exact sequence:
0→M(v)→ P (v−1β−1u3)→M(u3)→ 0.
Since r3 is a zero-relation in A, then e(β) is not the start-point of two arrows. Since M(v)
is not a projective module, there exists u′5 ∈ (QA/ann T )1 such that vu
′
5 is a reduced walk.
Then there exists a zero-relation r4 = βvu
′
5. The relation r4 is not a relation in A since
gldimA = 2. On the other hand, since A satisfies (GD3) and (GD1), r4 is neither related
with a zero-relation in A nor with a binomial relation in A. Therefore, M(v) is projective
and pdA/annTS(a) ≤ 4. Similarly, if there exists u
′
4 ∈ (QA/annT )1 such that u3u
′
4 is a reduced
walk. Hence, if r1 is a zero-relation in A then pdA/annTM(u2) ≤ 2.
In the other cases for r1, a similar analysis as above, allow us to get the result. Therefore,
pdA/annTS(a) ≤ 4. 
Lemma 3.14. Let A = kQ/I be a special biserial algebra such that gldimA = 2, T be a
τ -tilting A-module and a ∈ (QA/annT )0 such that a is the start-point of a binomial relation
and the start-point of a zero-relation. Then pdA/ann TS(a) ≤ 4.
Proof. Let a ∈ (QA/annT )0 such that a is the start-point of a binomial relation (α1p1, β1q1),
with α, β ∈ (QA/annT )1 and p, q non-trivial paths and where a is also the start point of a
zero-relation. Assume that pdA/annTS(a) ≥ 5. Then, we have a subquiver as follows:
aα1
~~⑦⑦⑦
β1
  ❅
❅❅
✤
✤
✤
✤
✤
✤
✤
✤
•

α2
yyrr
•

β2
%%▲▲
• •
...
...
•
  ❅
❅❅
•
~~⑦⑦⑦
•γ1
~~ ~>
ρ1
   `
• •
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with α2, β2 ∈ (QA/ann T )1 and γ1, ρ1 paths. Note that radP (a) =M(p1q
−1
1 ). Then, we get
the following exact sequence:
0→M(p2)⊕M(γ
−1
1 ρ1)⊕M(q2)→ P (p
−1
2 α
−1
2 p1γ1)⊕ P (q
−1
2 β
−1
2 q1ρ1)→M(p1q
−1
1 )→ 0
with α2, β2 ∈ (QA/annT )1, q2, p2, ρ1, γ1 paths and P (p
−1
2 α
−1
2 p1γ1)⊕ P (q
−1
2 β
−1
2 q1ρ1) the pro-
jective cover of M(p1q
−1
1 ). Since A/ann T satisfies (GD3), then M(γ
−1ρ1) is projective.
Thus, since pdA/annT (M(p1q
−1
1 )) ≥ 4, either pdA/annTM(p2) ≥ 3 or pdA/annTM(q2) ≥ 3.
Without loss of generality, suppose that pdA/annTM(p2) ≥ 3. Then we have a zero-
relation r1 = α1α2 in A. Then e(α2) is not the start-point of two arrows. Since M(p2) is
not a projective module there exists α3 ∈ (QA/annT )1 such that p2α3 is a reduced walk in
A/annT . We have the following exact sequence:
0→M(p3)→ P (p2α3p3)→M(p2)→ 0
where P (p2α3p3) is the projective cover of M(p2). Then there exists a zero-relation
r2 = α2p2α3 in A/ann T . Since A satisfies (GD2), then r2 is not a zero-relation in A.
Since A satisfies (GD1), then r2 is not a maximal subpath of a binomial relation in A.
Assume that there exists a non-trivial path γ such that γr2 is a zero-relation in A.
Since e(α3) is the end-point of a zero-relation in A, then e(α3)is not the start-point of two
arrows. Since M(p3) is not a projective module, there exists α4 ∈ (QA/annT )1 such that
p3α4 is a reduced walk. Then there exists a zero-relation r3 in A/annT contained in the
path p2α3p3α4 that contains the path α3p3α4. Let r3 = p˜2α3p3α4, with p2 = p̂2 p˜2. Since
gldimA = 2, then r3 is not a zero-relation in A. Suppose that there exists a non-trivial
path ρ such that ρr3 is a zero-relation in A. Then ρr3 is a zero-relation in A of length at
least three and α2p2α3 6= 0, a contradiction since A is special biserial. Next, assume that
(r3, λ1qλ2) is a binomial relation in A. Since α2p̂2r3 6= 0 in A we get that α2p̂2λ1 is zero in
A. Therefore, considering the path γα2p̂2 we get a contradiction because A satisfies (GD3).
Finally, assume that there exists a non-trivial path θ such that (θr3, λ1qλ2) is a binomial
relation in A. Then θ is a subpath of γα2p2 and we get a contradiction since A satisfies
(GD3). Therefore, M(p3) is a projective module and pdA/annTM(p2) ≤ 1.
Finally, assume that there exists a non-trivial path γ such that (γr2, λ1qλ2) is a binomial
relation in A. Then with similar analysis as we did in the proof of Lemma 3.13 we conclude
that pdA/annTM(p2) ≤ 2.
Therefore, pdA/annTS(a) ≤ 4. 
As an immediate consequence of Lemma 3.12, Lemma 3.13 and Lemma 3.14 we get the
main result of this section.
Theorem 3.15. Let A = kQ/I be a special biserial algebra such that gldimA = 2 and T
be a τ -tilting A-module. Then gldimA/annT ≤ 4.
The following example shows that the bound given by Theorem 3.15 for the global di-
mension of A/annT is minimum.
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Example 3.16. Let A = kQ/I be the following special biserial algebra:
7
δ
❀
❀❀
1
β
❀
❀❀
α✄✄
✄
2
γ
4
µ
✑✑
✑✑
✑✑
✑✑
3
λ
❀
❀❀
5
ǫ
6
where I =< δγ, λǫ, αγλ − βµ >. It is easy to see that gldimA = 2. Consider
T = 1⊕ 6⊕
1
2
3
⊕ 1
4
⊕ 3
5
⊕ 5
6
⊕ 1 7
2
. The annihilator of T is generated by the path γλ. Then
A/annT is given by the same quiver of A with relations I ′ =< δγ, λǫ, γλ, βµ >. It is not
hard to see that pdA/annTS(7) = 4 and gldimA/annT = 4.
As a direct consequence of the above theorem we have Theorem D.
Corollary 3.17. Let A = kQ/I be a special biserial algebra such that gldimA = 2, T be a
τ -tilting A-module and B = EndAT . Then gldimB ≤ 5.
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